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Abstract
An explicit prime non-primitive C∗-algebra is constructed.
© 2006 Elsevier Inc. All rights reserved.
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In [7], N. Weaver gives an example of a C∗-algebra that is prime but not primitive, solving a
long-standing problem. Here we give a simpler example.
An algebra is said to be prime if the product of any two nonzero two-sided ideals is nonzero.
An algebra is primitive if it has a faithful irreducible representation. In the case of a C∗-algebra
this representation can be assumed to be a ∗-representation on a Hilbert space [6, Corol-
lary 2.9.6]. A primitive algebra is always prime. J. Dixmier [5] proved that a separable prime
C∗-algebra is primitive.
Throughout, X is an uncountable set and G the free group on X with identity e. For w in G
in reduced form, define w! to be the set of all prefixes of w, including e and w. For example,
(xyz)! = {e, x, xy, xyz}. Denote by P the set of all elements of G that in reduced form have
no negative exponents, and put Q = P−1, the set of elements with no positive exponents. Thus
P ∩Q = {e}. Define L by
L := {p! ∪ q!: p ∈ P, q ∈ Q}.
For a = x1x2 · · ·xn in P , with xi ∈ X, we say that a has degree n and a−1 has degree −n; we
define the content of a, con(a) := {x1, x2, . . . , xn} = con(a−1). We also define the degree of e to
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S will be denoted by |S| and the symbol ⊃ will denote strict containment.
Lemma.
(L1) A ∈ L, g ∈ A ⇒ g−1A ∈ L.
(L2) A,B,C ∈ L, g ∈ A, h ∈ B , A∪ gB ⊆ ghC ⇒ A∪ gB ∈ L.
(L3) For A ∈ L, A has at most one element of each degree.
(L4) A ∈ L, h ∈ P ∪Q, hA ⊆ A ⇒ h = e.
Proof. (L1) Suppose that A = (a−1)! ∪ b!, where a, b ∈ P . Then we have that A = a−1(ab)! =
a−1c!, where c = ab. If g ∈ A then g = a−1d for some d ∈ c!, say c = df with f ∈ P . Then
g−1A = d−1c! = d−1(df )! = (d−1)! ∪ f ! ∈ L.
(L2) We first show that
A1,A2,A3 ∈ L, A1 ∪A2 ⊆ A3 ⇒ A1 ∪A2 ∈ L. (1)
Suppose that Ai = pi ! ∪ qi ! (pi ∈ P , qi ∈ Q, i = 1,2,3). Then p1,p2 ∈ p3! and q1, q2 ∈ q3!.
Clearly, A1 ∪A2 = p! ∪ q!, where p is p1 or p2 and q is q1 or q2.
Now assume that A,B,C ∈ L, g ∈ A, h ∈ B and A ∪ gB ⊆ ghC. Then g−1A ∪ B ⊆ hC.
By (L1), g−1A ∈ L and since e ∈ hC, also h−1 ∈ C, hC ∈ L. By (1), g−1A ∪ B ∈ L. Since
g−1 ∈ g−1A∪B , (L1) shows that A∪ gB = g(g−1A∪B) ∈ L.
(L3), (L4) Clear. 
Define M := {(A,g): A ∈ L, g ∈ A} and H := l2(M), a Hilbert space with inner product 〈 | 〉.
We identify elements of M with basis unit vectors of l2(M). For (A,g) ∈ M , define a linear
operator Ag on H by the rule that, for (C, k) ∈ M ,
Ag(C, k) =
{
(gC,gk) if A ⊆ gC,
0 otherwise.
If A ⊆ gC here then e ∈ gC,g−1 ∈ C and gC ∈ L, by (L1), which gives (gC,gk) ∈ M . It is
easily verified that Ag is a partial isometry. WriteM := {Ag: (A,g) ∈ M}. If also Bh ∈M then
for (C, k) ∈ M we have that
AgBh(C, k) =
{
(ghC,ghk) if A∪ gB ⊆ ghC,
0 otherwise.
(2)
If here A ∪ gB ⊆ ghC then, by (L2), A ∪ gB ∈ L and (A ∪ gB)gh ∈M. If A ∪ gB ∈ L then
(2) gives AgBh = (A ∪ gB)gh. If A ∪ gB /∈ L then always A ∪ gB  ghC and AgBh = 0. For
Ag ∈M, also (g−1A)g−1 ∈M, by (L1). For (C, k) and (D,f ) in M ,
Ag(C, k) = (D,f ) ⇔ A ⊆ gC = D, gk = f
⇔ g−1A ⊆ g−1D = C, g−1f = k
⇔ (g−1A) −1(D,f ) = (C, k).g
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Ae is a projection. The above gives, for A,B ∈ L,
AeBe =
{
(A∪B)e if A∪B ∈ L,
0 otherwise.
(3)
It follows that CM≡ lin(M) is a ∗-algebra of bounded linear operators on H . Denote by C∗M
its closure, a C∗-algebra with identity {e}e.
Theorem. C∗M is prime but not primitive.
Proof. First consider primeness. Let J and K be nonzero two-sided ideals of C∗M. We first
prove that J contains a projection of M. There exists T ∈ J with T  0 and v = (A,g) ∈ M
with 〈T v|v〉 > 0. By replacing T by a scalar multiple we can assume that 〈T v|v〉 = 1. We have
that Aev = Ae(A,g) = v. There is a sequence (Tn) in CM such that Tn → T . Put S := AeTAe ∈
J and Sn := AeTnAe; then Sn → S. For Bh ∈M, AeBhAe is 0 or (A ∪ B ∪ hA)h = Ch (say),
where C ⊇ A and C = A only if hA ⊆ A and so h = e by (L4). We may therefore write Sn =
αnAe +Rn, where αn ∈ C and Rn is a linear combination of elements Ch ∈M with C ⊃ A. For
each such Ch, we have that |C| > |hA| = |A|, C  hA and so Chv = Ch(A,g) = 0. Therefore
Rnv = 0 and Snv = αnAev = αnv. Hence αn = 〈αnv|v〉 = 〈Snv|v〉 → 〈Sv|v〉 = 〈AeTAev|v〉 =
〈TAev|Aev〉 = 〈T v|v〉 = 1 as n → ∞.
Suppose that A = p!∪q!, where p ∈ P , q ∈ Q. Choose z in X not in con(C) for any Ch which
appears in the linear sum expressions for the Rn. Define J ∈ L by J = (pz)! ∪ (qz−1)!. If Ch
appears in the sum for Rn then C ⊃ A and so C contains an element of the degree of pz or qz−1
but which cannot equal pz or qz−1. By (L3), J ∪ C /∈ L and so JeCh = 0. Hence JeRn = 0 and
JeSn = αnJeAe = αnJe → Je, since J ∪A = J . Also, JeSn → JeS. Therefore Je = JeS ∈ J .
For j in J , (j−1J )e = (j−1J )j−1JeJj ∈ J . Take j = qz−1 which gives j−1J ⊂ P . The
ideal K contains a projection Ke of M. We likewise choose k ∈ K such that k−1K ⊂ Q. Then
(k−1K)e ∈K and JK contains (j−1J )e(k−1K)e = (j−1J ∪k−1K)e = 0. This shows that C∗M
is prime.
Now consider primitivity. For m,n = 0,1,2,3, . . . ,
{
(p! ∪ q!)e: p ∈ P, q ∈ Q, p has degree m, q has degree −n
}
consists of orthogonal projections ((L3) and (3)). Let φ be a positive linear functional on C∗M.
Then φ is positive only on a countable subset of the above set. Therefore φ is positive only on a
countable set of Ae, A in L. Choose x in X not in con(A) for any A with φ(Ae) > 0. If B ∈ L
has x ∈ con(B) then φ(Be) = 0. If also h ∈ B then, since Bh = BeBh, the Cauchy–Schwarz
inequality gives φ(Bh) = 0. Hence φ vanishes on lin{Bh: x ∈ con(B)}, an ideal of CM. Since
φ is continuous [2, Section 37, Corollary 9], φ vanishes on its closure, an ideal of C∗M.
Suppose that C∗M has an irreducible ∗-representation on a complex space V with inner
product 〈 | 〉. Let v ∈ V \ 0 and define a positive linear functional φ on C∗M by φ(a) = 〈av|v〉.
From above, φ vanishes on a nonzero ideal I . Let b ∈ I \ 0. For all a, c ∈ C∗M, 〈bcv|av〉 =
〈a∗bcv|v〉 = φ(a∗bc) = 0. Since v is cyclic this gives bV = 0, and the representation is not
faithful. Therefore C∗M has no faithful irreducible representation, i.e. is not primitive. 
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AgBh =
{
(A∪ gB)gh if A∪ gB ∈ L,
0 otherwise.
This is called the McAlister monoid on X and is the Rees quotient of the free inverse monoid on
X by the ideal generated by all elements xy−1 and x−1y with x, y ∈ X and x = y [4]. Barnes [1]
constructs for any inverse semigroup a representation on Hilbert space; this is used here to
generate C∗M. Weaver’s example in [7] is also generated by an inverse semigroup of partial
isometries. Related results on l1-algebras are described in [3,4].
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